We consider the generalized Milne problem in nonconservative plane-parallel optically thick atmosphere consisting of two components -the free electrons and small dust particles. Recall, that the traditional Milne problem describes the propagation of radiation through the conservative (without absorption) optically thick atmosphere when the source of thermal radiation located far below the surface. In such case, the flux of propagating light is the same at every distance in an atmosphere. In the generalized Milne problem, the flux changes inside the atmosphere. The solutions of the both Milne problems give the angular distribution and polarization degree of emerging radiation. The considered problem depends on two dimensionless parameters W and (a+b), which depend on three parameters: η -the ratio of optical depth due to free electrons to optical depth due to small dust grains; the absorption factor ε of dust grains and two coefficients -b 1 and b 2 , describing the averaged anisotropic dust grains. These coefficients obey the relation b 1 + 3b 2 = 1. The goal of the paper is to study the dependence of the radiation angular distribution and degree of polarization of emerging light on these parameters. Here we consider only continuum radiation.
Introduction
One of important problems in radiative transfer theory is the Milne problem. This problem is related with the solution of the transfer equation when the sources of non-polarized radiation are located far from the boundary of optically thick atmosphere. The most known example is the usual Milne problem for free electron non-absorbed atmosphere. This problem was solved by Chandrasekhar (1960) . His results for the angular distribution J(µ) = I(µ)/I(0) and polarization degree p(µ) of the emerging radiation are used in many applications. Recall, that µ = cos ϑ, where ϑ is the angle between line of sight n and the outer normal N to the plane-parallel optically thick atmosphere. The angular distribution J(µ) increases with the increase of µ up to value J(1) = 3.06. The polarization degree is p(1) = 0 and inreases up to 11.71% at µ = 0.
The small dust grains with the spherical form and the molecules with isotropic polarizability β scatter the radiation by the same law as the electrons. If the absorption factor of the dust substance ε increases, the angular distribution and polarization degree also increase. For example, in the case ε = 0.1 one takes place J(1) = 4.39 and p(0) = 20.35% (see Silant'ev 1980) .
The dust grains and molecules are characterized by the anisotropic polarizability tensor β ij (ω), where ω is the cyclic frequency of light. These scattering particles due to chaotic thermal motions are freely oriented in an atmosphere.
The radiative transfer equation for this case firstly was derived by Chandrasekhar (1960) . This equation depends on two parameters -b 1 , describing the Rayleigh scattering, and the additional term b 2 , which describes the effect of anisotropy of scattering particles. This term (depolarization factor) describes the additional isotropic non-polarized part of scattered radiation. The depolarizing effect of anisotropy of particles mostly reveals by consideration of axially symmetric problems. One of such problems is the Milne problem.
In axially symmetric problems the radiation is described by two intensities -I l (τ, µ) and I r (τ, µ). Here τ is the optical depth below the surface of semi-infinite plane-parallel atmosphere. The intensity I l describes the light linearly polarized in the plane (nN), and I r is the light intensity with polarization perpendicular to this plane. The total intensity I = I l + I r , and the Stokes parameter Q = I l − I r . The Stokes parameter U ≡ 0. The degree of linear polarization is characterized by p = Q/I. Note that case Q < 0 corresponds to the wave electric field oscillations perpendicular to the plane (nN). This case holds in the Milne problem. Frequently one uses the radiative transfer equation for parameters I(τ, µ) and Q(τ, µ) .
The factorization of the matrix phase function P (µ, µ ′ ), i.e. the presentation this matrix as a product of two matricesP (µ, µ ′ ) =Â(µ)Â T (µ ′ ), plays very important role in radiative transfer theory. Factorization is not unique (see Hulst 1980) . Factoriza-tion used in the papers Lenoble (1970) , Abhyankar & Fymat (1971) and Schnatz & Siewert (1971) describes the matrix phase function for the Rayleigh scattering. In Frisch (2017) the new factorizations for linear combination of Rayleigh and isotropic scatterings are given. Note that in this private communication the factorizations are given both for (I, Q) and (I l , I r ) cases. Below we consider only the (I, Q) case.
Radiative transfer equation
First let us recall the radiative transfer equation for the (column) vector with the components (I, Q) in an atmosphere consisting of averaged small anisotropic particles and free electrons. The equation for I(τ, µ) and Q(τ, µ) can be readily transformed from the equation for the column (I l (τ, µ) , I r (τ, µ)) presented in Chandrasekhar 1960; Dolginov et al. 1995; Silant'ev et al. 2015 :
where dτ = κdz determines the dimensionless optical depth. Extinction factor κ = N g (σ
are the cross-sections of scattering and absorption by dust grains, σ (t) g is crosssection of total extinction, σ T is the Thomson crosssection. N g and N e are the number densities of grains and free electrons, respectively. The degree of light absorption ε = σ
g , µ = nN is cosine of the angle between the directions of light propagation n and the outer normal N to plane-parallel semi-infinite atmosphere. The parameter C=W/8. The parameters a , b, η and W are:
The parameters b 1 and b 2 obey the relation (8) . This relation was used in expressions (4) for W and (a + b). So, Eq.(1) depends on two parameters -W and (a + b). The value s(τ ) is the source of non-polarized radiation. Usual source of radiation is the thermal radiation:
where B ω (T ) is the Planck function with the temperature, depending on the optical depth τ . This dependence appears in various models of atmospheres. For reader's convenience, we shortly explaine the physical sense of parameters b 1 and b 2 . The scattering cross-section of small particles (dust grains, molecules) is (Dolginov et al. 1995) :
where ω = 2πν is cyclic frequency of light, k = ω/c, c is the speed of light. The values b 1 and b 2 are related to polarizability tensor β ij (ω) of a particle as a whole. Induced dipole moment of a particle, as a whole, is equal to p i (ω) = β ij (ω)E j (ω). Anisotropic particle with axial symmetry is characterized by two polarizabilities -along the symmetry axis β (ω), and in transverse direction β ⊥ (ω). For such particles:
In transfer equation we use the dimensionless parameters The matrix phase function in Eq.(1) can be written as the productÂ(µ)Â T (µ ′ ) (Frisch 2017 ). The matrixÂ(µ) is equal to:
The superscript T stands for the matrix transpose. We emphasize that the new factorization (9) describes the linear combination of Rayleigh and isotropic light scattering. It is useful introduce the vector K(τ ):
Using this notion, Eq.(1) can be written in the form:
where the matrixÂ(µ) is given in Eq. (9) .
It is easy verify that Eq. (1) gives rise to the conservation law of radiative flux. Taking ε = 0 and s(τ ) = 0, we obtain:
The solution by resolvent technique
The general theory to calculate the vector K(τ ) is presented in Silant'ev et al. (2015) . Recall, that according to this theory the vector K(τ ) obeys the integral equation, which has solution through the resolvent matrixR(τ, τ ′ ). This matrix can be known if we know the matricesR(τ, 0) andR(0, τ ). The
T . This gives rise to the rela-
The Laplace transform of R(τ, 0) over parameter 1/µ is known as H(µ)-matrix. This matrix obeys the following nonlinear equation:
The martrixΨ(µ) is related withÂ(µ):
The linear equation for matrixĤ(µ) is the following:
where k is an arbitrary number.
Formulas for the Milne problem
The specific feature of the Milne problem is that we are to solve integral equation for K(τ ) without the free term (see Sobolev 1969). The vector I(0, µ), describing the emerging radiation, has the form:
i.e. this expression is proportional to the Laplace transform of K(τ ) over variable τ . The homogeneous equation for K(τ ) without the source term has the form:
where the kernelL(|τ − τ ′ |) is the following:
. (18) Further we follow to simple approach by Sobolev (1969), generalizing his method for the vector case. For simplicity we omit the subscript |hom. According to Eqs. (17) and (18), we derive the value K(0):
Let us get the equation for derivative dK(τ )/dτ , taking into account that the kernelL(|τ − τ ′ |) depends on the difference τ − τ ′ :
The 
Now let us derive the Laplace transform of this equation. The Laplace transform of the left part of this equation is equal to:
The Laplace transform of the right part of Eq.(21) has the form:
The equality of Eq. (22) with Eq. (23) gives rise to the relation:
Here we used the relationR(1/µ, 0) = (Ĥ(µ) −Ê) ( see Silant'ev et al. (2015)).Ê is unit matrix. Substituting this formula into Eq. (16), we obtain the expression for I(0, µ):
Here we introduced the new matrix:
Using Eq. (13), we obtain the following equation for matrixD(µ):
The kernel in Eq.(27) does not depend on µ 4 , i.e. this equation is simpler than Eq. (13).
The value I(0, µ) is proportional to K(0). According to Eq.(19) the value K(0) related with expression (24). As a result, we obtain the homogeneous equation for K(0):
or in new matrixD(µ)
This homogeneous equation allows us to obtain only the ratio K 1 (0)/K 2 (0). So, the expression I(0, µ) contains an arbitrary Const. This Const can be expressed through the observed flux of outgoung radiation. Note that the angular distribution J(µ) = I(0, µ)/I(0, 0) and the degree of polarization p(µ) = Q(0, µ)/(I(0, µ) are independent of Const. The negative p(µ) denotes that the wave electric field oscillations are perpendicular to the plane (nN).
The necessary condition to obtain K(0) is the zero of the determinant of expression (28), which is the right part of Eq.(15). Thus, from Eq.(15) we obtain the separate equation for the characteristic number k:
This equation is not related with the calculation of the matrixĤ(µ). It is easy verify that the solution of Eq.(30) for ε = 0 gives k = 0. For ε << 1 we obtain the approximation formula:
The values k appr are given in Tables 1 and 2 . It is of interest that Eq.(31) is independent of parameters b 1 and b 2 , which characterize the form of grains. Let us shortly discuss the calculation of angular distribution J(µ) and degree of polarization p(µ). For the cases ε = 0, we have used the direct iterations of matrix equation (27) . But for ε = 0 this technique gives the relative error ∼ 5%. This is well-known problem beginning from the Chandrasekhar's works. It is related with very slow convergence of iterations at ε = 0.
To solve this problem Chandrasekhar presented the equation for H-function in the form of continuous fraction. In the case of matrix equation Silant'ev (2007) used the same method but for one component of the matrix, hoping that the fast convergence of this equation results in fast convergence of other components.
The equation (27) for ε = 0 (a + b = 1) gives the following equation for h(µ):
(32) The zero's moments h 0 and g 0 (recall, that they are simple µ-integrals) are equal to h 0 = 2 and g 0 = 0. Using the equality µ/(µ + µ ′ ) = 1 − µ ′ /(µ + µ ′ ) and the values h 0 and g 0 , we derive the following equation for h(µ):
Iteration of this equation is fast convergented continuous fraction. Other equations for g(µ), e(µ) and f (µ) are iterated without modifications. For every iteration we use the semi-sum of two precedingly iterated functions. Results in Table 3 , corresponding to ε = 0, were obtained in such a manner. For pure absorbing dust grains (σ (s) grain = 0, ε = 1) the parameters W = 1 , a + b = η/(1 + η). In this case the term, describing the light scattering by dust grains, disappears. The parameter η/(1 + η) in the electron scattering term has the sense of (1 − ε ef f ) with the effective absorption ε ef f = 1/(1 + η).
So, the pure absorbing dust grains play the role of effective absorption in the electron scattering. Note that ε ef f → 0, if the parameter η → ∞.
The intensities I(µ) and Q(µ) depend on two parameters -(a + b) and W = a/(a + b), which depend on η, ε and b 1 . The different relations between them give rise to various forms of angular distribution J(µ) and degree of polarization p(µ). In particular, for the spherical dust grains (b 1 = 1, b 2 = 0 , i.e. W = η/(η+1−ε)) there exists the interesting feature. If the parameters η and ε obey the relation ε 1 /(1 + η 1 ) = ε 2 /(1 + η 2 ), then the intensities I(µ; ε 1 , η 1 ) = I(µ; ε 2 , η 2 ) and Q(µ; ε 1 , η 1 ) = Q(µ; ε 2 , η 2 ).
Results of calculations
The characteristic number k increases with the increasing of the absorption degree ε. We see from Eq.(25) (see the term (1 − kµ) in the denominator) that the increase of k gives rise to greater sharpness of the angular distribution of emerging radiation J(µ) ≫ J(µ = 0) ≡ 1. So, the presence of large absorption results in the peak like emerging intensity along the normal N.
The polarization of emerging radiation at µ ∼ 1 is small. This holds due to symmetry of the problem. Recall, that the scattering of the light beam perpendicular to incident direction gives rise to 100% polarized radiation. This is why for µ ∼ 0 the small part of the emerging radiation has large degree of polarization.
It should be mentioned that for sources of type s(τ ) = Const and s(τ ) ∼ exp(−hτ ) the peak like intensity does not hold (see Silant'ev 1980). For these sources the increase of absorption ε decreases the sharpness of angular dependence J(µ). As a result, the polarization of emerging radiation is small compared with the generalized Milne problem.
In Table 1 we present the dependence of characteristic number k on the degree of absorption ε, when the free electrons are absent (η = 0). It is seen that the value k practically does not depend on the form of freely oriented dust particles. The approximation value (31) also confirms this. Nevertheless, the small inequalities k sphere < k plate < k needle exist. More profound inequality occurs for needle like particles. The relative difference (≃ 1%) corresponds to absorption factor ε ≃ 0.5. For large absorption factor (ε → 1) the k -difference between all grain forms disappears. Our Table shows that the increase of parameter b 2 is accompanied by small increasing of parameter k.
In Table 2 we demonstrate how the presence of the second component, i.e. the free non-absorbing electrons, affects the value of characteristic number. Physically clear that for η > 1 the mean effective absorption diminishes, i.e. the value k also diminishes. Tables 1, 2 and Fig.1 demonstrate this feature for all range of parameter η . The large values η corresponds to small k (see Fig.1 ). Recall, that Fig.1 corresponds to b 1 = 1 . Clearly, the small characteristic number does not give very sharp angular dependence of the radiation intensity J(µ). The case η → ∞ corresponds to the free electron atmosphere.
The value J(µ = 1) = 3.06 for k = 0 and spherical polarizability (b 1 = 1) for non -absorbing particles is Chandrasekhar's (1960) case. This case gives the polarization p(µ = 0) = 11.71%. In Table 3 we present also the Milne problem solutions for needle like particles (b 1 = 0.4) and plate like ones (b 1 = 0.7) . The needle like particles give J(µ = 1) = 2.96 and corresponding maximum polarization p(µ = 0) = 3.80% . For plate like grains we have J(µ = 1) = 3.00 and p(µ = 0) = 7.26%.
For ε = 0.1 and η = 0 the corresponding results are given in Table 4 . It is seen that the nonzero absorption increases the polarization values for all forms of dust grains. The case η = 0 diminishes the polarization degree, as it is seen from Table 5 .
We see that the presence of absorption (ε = 0. It is seen that anisotropy of particles considerably changes the polarization of emerging radiation. The angular distribution J(µ) for all cases is near for b 1 = 1 case. Note that the polarization from needle like particles is smaller than that from plate like ones.
The limit case of ε = 1 (pure absorbing dust grains) for η = 1, 5 and 10 is presented in Table 6 . Note that for η → ∞ the angular distribution and degree of polarization tend to values in Table 3 (two  first columns 
Conclusion
We consider the generalized Milne problem in two components non-conservative atmosphere -free electrons and small absorbing anisotropic grains. The radiative transfer equation in such atmosphere depends on two parameters W and (a + b), which depend on three physical parameters. Parameter η is the ratio of the Thomson optical length to that due to small grains. The value b 1 characterizes radia- grain is the degree of radiation absorption by dust grains. We use the matrix re- . . 
